Following the NASA Helios flight mishap in 2003 there has been a push for greater understanding of the aerodynamic-structural coupling that occurs in light, very flexible, flying wings.
by Raghavan et al. 10 and Su et al. 11 confirmed this result. In order to validate the modeling approach presented by the authors in [11] the same authors have built an unmanned very flexible UAV called X-HALE with flight tests coming in the future.
12, 13 For a more comprehensive literature review see Ref. [14] . Control designs specifically tailored to flexible aircraft were first proposed by Gregory 15, 16, 17, 18 where output feedback dynamic inversion techniques were modified with a pre-filter to improve the performance of the controller. Dynamic inversion control laws were also presented in [19] and [20] where the robustness of the control designs were tested by introducing uncertainty in the mass of the aircraft.
The authors would like to distinguish between, VFA that can sustain large deviations from trim dihedral (or mode shape) to those aircraft that can not sustain a morphed geometry and simply have structural dynamics on the order of the rigid body dynamics. The term VFA has been used interchangeably for both and so to remove ambiguity from the definition we now refer to the former class as VFA and the latter as simply Flexible Aircraft (FA). The former class includes the Helios aircraft and the aircraft geometry of interest for this work. Control designs such as those proposed by Gregory are for FA and not VFA. Implicit in the use of dynamic inversion is the assumption that the stability and control derivatives remain fairly constant. This is not the case with VFA (as was first identified in [9] ). Therefore, this work separates itself by addressing the issue of active mode shape control. This idea will be expounded upon later in the paper.
This work looks to address the recommendation from the flight mishap investigation by designing the simplest model of a Very Flexible Aircraft that still captures the unstable phugoid mode. Then, assuming that the dihedral angle, velocity, and pitch rate are the only measurable states, we present control technologies that stabilize the VFA during large dihedral excursions and compare the performance of a linear LQG/LTR controller and an adaptive LQG/LTR controller. 21 
II. Modeling

II.A. Vector Notation
Vectors are defined in bold font as U = U xx + U yŷ + U zẑ (1) where· denotes a unit vector with the triple, (x,ŷ,ẑ) orthogonal. The same vector can be defined in two different reference frams using the following notation:
or in short hand notation,
and similarly
if the specific frame of reference is important. Tensors are defined in bold font with an over bar as
and with the reference frame of the unit vectors included as
In general a tensor (vector) product is independent of the reference frame, however, if matrix multiplication is to be used then it is necessary that all the tensors (vectors) in the short hand operation are in the same reference frame. When matrix operations are mixed with tensor operations, which will be the case when rotation matrices are used, it is understood the the function operates in the frame of the operand. For instance, let R be an operator that carries a vector from reference frame 1 to 2, so that
see Figure 2a .
II.B. Linear and Angular Momentum for Generic Bodies
The rate of change of the linear momentum ρ is related to the total external force on the object F through the following relation
The angular momentum about an arbitrary point b is defined as H b and is related to angular momentum about the center of mass H c , c denoting the center of mass, and the vector pointing from b to c, b c through
see Figure 2b for an illustration. The time rate of change of the angular momentum about point b is then defined as
where M b is the total external moment about b. Also, note that if the unit vectorx is rotating with angular velocity ω, then 
II.C. Forces and Frames for Aircraft Dynamics
Consider the reference frame relations depicted in Figure 3 . Let (X,Ŷ,Ẑ) be an inertial frame and let the Euler angles (φ, θ, ψ) carry the inertial frame into the body fixed frame (x,ŷ,ẑ) via the successive rotations ψ → θ → φ. Letting the aerodynamic force vector from pressure differentials on an aircraft be denoted as P, the transformation from the wind axis forces L, C, D, Lift, Drag and Side slip force respectively, to the body fixed frame (x,ŷ,ẑ) is realized through
with the wind to body axis transformation matrix formally defined as
where α is the angle of attack and β is the side slip angle, both of which are defined with respect to the velocity vector v ,
Similarly, the body axis forces can be transformed to the wind axis forces via:
The gravity vector g always points in the inertialẐ direction, therefore the affect of gravity is realized in the body axis as
where g is the gravitational constant. 
II.D. Linear and Angular Momentum for Very Flexible Aircraft
The aircraft of interest is shown in Figure 4 . It is comprised of 3 rigid wings with elastic connections adjoining them. Each rigid panel has a propeller for thrust production, an aileron that runs along the aft of the main wing, and an elevator attached at the end of the boom. A schematic of the aircraft with appropriate axes and points of interest labeled is shown in Figure 5 . We are only interested the longitudinal dynamics of this aircraft. Therefore, denoting the angular momentum of the of the center of mass fixed frame (axes-g at point d) as ω d , it is assumed that
and the velocity of the center of mass in frame-g is assumed to be of the form:
Letting F be the total force acting on the system of 3 wings, the linear momentum of the system changes as:
where m is the total mass of the system given as m = 3m * with m * denoting the mass of one of the three identical panels making up the flying wing.
The total Moment acting on the system of three wings about point d is defined as M and the time rate of change of the angular momentum about d is governed by whereĪ d is the moment of inertia for the entire wing about the center of mass at point d. Time rate of change of angular velocity reduces as
Next we investigate the moment of inertia. The total moment of inertia has been defined asĪ. Now let the moment of inertia for each individual wing about its respective center of mass be defined asĪ * . The moment of inertia then for the the wing in frame-3 about point d is then:
where c d is the vector from point c to point d, ·, · is the inner product operator, I is a 3 × 3 identity matrix carrying the inner product into the tensor space and ⊗ is the outer product. The moment of inertia for wings 1 and 2 can be calculated and hence forth denoted asĪ * d,wing-1 andĪ * d,wing-2 . Then the total moment of inertia for the entire system becomes
Given that the angular velocity only has a non-zero component in the y g axis, the only component from the moment of inertia that is important is I yg yg where
with
The only unknown quantity is the time varying nature of the dihedral angle. Up until this point the equations of motion have all been calculated from the center of mass of the entire system. In what follows we derive the dynamics of the dihedral angle from point j.
where the angular momentum of frame-3, denoted as ω c is related to the angular momentum in frame-2,
and noting that ω d,x3 = ω d,z3 = 0, the angular momentum of frame-3 about point j becomes
The angular momentum H * j is then expanded so that all of the velocity components are with respect to frame-2 (see Appendix B.1)
Taking the time derivative H * j (See Appendix B.2), the x-axis moment relation becomes
where M * j,x3 is the total external moment acting on joint-j through wing-3, κ c is the damping coefficient for the joint and κ k is the spring constant for the joint.
II.E. Forces and Moments acting on VFA in Stability Axis Frame
The loads on an airfoil are defined in the wind axis frame. Using the relations illustrated in Figure 3 , we denote the magnitude of the velocity at the center of mass as V and the angle of attack as α, note that β = 0. The three panels each have their own local (V i , α i , β i ) i = 1, 2, 3, see Appendix B.3 for more details. For ease of exposition and to conform with historical notation the pitch rate of the center of mass frame is redefined as q ω d,yg .
The total wind axis forces defined with respect to the center of mass of the vehicle are denoted
which are defined relative to the body axis forces through the center of gravity body fixed frame g as:
where P w is the resultant pressure driven force from the three wing sections
and where P t is the resultant pressure driven force from the three tail sections
Both of which are part of the total force acting on the body:
The local pressure driven forces defined in the local stability axes are given by
and the total thrust as
where T * i are the thrust force vectors applied on each wing by a propeller engine. The local lift and drag on the wing and tail sections are defined as:
whereρ * i is the local dynamic pressure at the center of each wing, S * w is the area of the wing and S * t is the area of the tail, δ a,i are the aileron deflection angles and δ e,i are the elevator deflection angles with i = 1, 2, 3.
The total moment on the aircraft is parameterized as
and
where c w is the cord length of the wing, and l w,i and l t,i are the vectors that point from the quarter cord of the wing to the center of mass and the vectors that point from the quarter chord of the tail to center of mass, respectively. The length of the boom connecting from the quarter cord of the wing to the quarter cord of the tail is denoted l b . Finally, the hinge moment at j acting on wing-3 in the x-direction is redefined as
The dynamics for the VFA can now be be compactly expressed in the wind axis as:
where h is the height, γ = θ − α, and
The geometric parameters and aerodynamic coefficients for the VFA are listed in Table 1 .
III. Trim Analysis
A trim analysis is now carried out to ensure that the VFA model presented captures the unstable phugoid mode that was observed in the higher fidelity models. 9, 10, 11 The nonlinear dynamics in (45) can be compactly
where X is the state vector and U is the control input:
The subscript a c and a o signify aileron center and aileron outer respectively so that δ ac = δ a2 and δ ao = δ ai where i=1,3. The subscripts e c and e o signify elevator center and elevator outer respectively. The control input δ T = T i , i = 1, 2, 3. The linear dynamics are then defined as:
where x = X − X 0 , u = U − U 0 with X 0 the trim state and U 0 the trim input satisfying 0 = f (X 0 , U 0 ),
and ǫ is the linearization error. The nonlinear VFA dynamics in (47) were linearized at a velocity of 30 ft/s and a height of 40,000 ft with the dihedral angle varied from 0 to 45 degrees. The trim states and trim inputs are shown in Figure 6 . As the dihedral angle is increased the angle of attack also increases. This is to be expected, as the the dihedral angle is increased the local angles of attack at the outer wings is reduced and their lift contributions reduce as well. Therefore the angle of attack with respect to the center airfoil must increase to compensate for the reduced lift from the outer wings. Given that the aircraft has multiple control surfaces (aileron and elevator for each wing section) there is a degree of redundancy, which is what allows the aircraft to be trimmed at any desired dihedral angle. 
There is a degree of redundancy in the control surfaces (each wing section has an aileron and an elevator. This is what allows the VFA to be trimmed at arbitrary dihedral for a given airspeed.) Figure 6 : Trim results.
The eigen values from the same study are shown in Figure 7 . At zero dihedral angle the short period mode is lightly damped and the phugoid mode is stable. As the dihedral angle increases the pitch moment of inertia increases, leading to increased damping in the short period mode and instability in the phugoid mode. The transition to instability occurs at a dihedral angle of 15 degrees. These results agree with the findings from Ref. 9 .
For the next study the aircraft was trimmed at a dihedral angle of 5 degrees. The trim inputs were held fixed while the dihedral angle initial condition was varied from 10 to 20 degrees in 5 degree increments so as to observe the open-loop behavior of the aircraft. These results are shown in Figure 8 . For initial conditions of 10 and 15 degrees in dihedral angle the aircraft exhibits steady motion as the dihedral slowly approaches the trim condition. For large perturbation from trim the dihedral angle quickly diverges. This illustrates that the VFA linearizion results are only valid for small perturbations from dihedral trim and thus active dihedral control is necessary. 
IV. Control Design
In flight disturbances, such as wind gusts, will cause the dihedral angle to deviate from trim. Given that the phugoid mode can become unstable when the dihedral angle is increased, actively controlling the wing shape is a necessity. For most aircraft, sensors are not deployed to measure mode shape. In fact, when control methodologies were first proposed for highly flexible aircraft it was assumed that the mode shape was not measurable. 15 Gregory's dynamic inversion architecture was only for control of Flexible Aircraft, thus it was not necessary for the dihedral angle to be measured. In the case of Very Flexible Aircraft the dynamic inversion controller as proposed in [18] is no longer appropriate as the structure of the Input Jacobian, B, can change (i.e. with varying dihedral, ailerons and elevators loose control surface effectiveness in some axes while gaining control surface effectiveness in others). While the linearized dynamics in (49) are valid, notice that during large dihedral excursions from trim ǫ will grow large. An equivalent representation for the nonlinear dynamics is that of a Linear Parameter Varying (LPV) system of the form:
where the Linear Time Invariant (LTI) matrices from (49) have been replaced by matrices that vary in the parameter space (V, h, η) andǭ arbitrarily small, even for large trim deviations. For rigid aircraft it is common to gain schedule a controller with respect to the height and velocity of the aircraft, essentially compensating for the affect of dynamic pressure change. In this case, the dihedral change is also critical and in addition its affects on loading not completely known. Also, note that when the states and inputs are at trim value,
where the subscript 0 denotes trim value.
The control problem is outlined as follows. The inputs available for control are the Thrust T , center elevator δ ec and the outer ailerons δ ao , the other inputs, δ ec and δ oc are fixed at trim. The available outputs are the Velocity V , the dihedral angle η, and the pitch rate q. At trim, (49), the measurable states are related to the entire state vector by
where y is the measured output [∆V ∆q ∆η] T , and u = [∆T ∆δ ec ∆δ ao ] T where the ∆ signifies deviations from trim. The goal is to design u such that the control input U = U 0 + u returns the system of equations back to trim in the presence of initial condition perturbations in dihedral angle. Given that only a subset of the state space is measurable an optimal high gain observer will be used to rebuild an estimate of the state space. The baseline controller then uses feedback from the full state of the observer dynamics,x. The adaptive controller augments the baseline controller with observer feedback through time varying gain, θ(t). In order for the control laws discussed below to be implemented the following assumptions must hold:
• (A, B) is controllable and (A, C) is observable.
• det (CB) = 0.
• C(sI − A) −1 B is minimum phase.
The state estimatex is generated througḣ
where
with P o = P T o > 0 the solution to the Observer Algebraic Riccati Equation (OARE)
The weighting parameters (Q o , R o ), both symmetric and positive definite are defined as
where Q 0 and R 0 are symmetric positive definite free design parameters, ν is a small gain parameter and λ guaranteeing that all the Eigen Values of A − LC are less than −λ. The control input for the baseline controller is then defined as u = −Kx,
with P c = P T c > 0 the solution to the Control Algebraic Riccati Equation (CARE)
The free design weights (Q c , R c ), are both symmetric and positive definite. The baseline control input can be compactly expressed as:
where the free design parameters for the observer and linear control design are (λ, ν, Q 0 , R 0 , Q c , R c ).
The adaptive control augments the baseline control input so that
where the adaptive gain θ is time varying, K is the same fixed gain as defined in (58) andx is the same as that defined in (60). The adaptive gain is adjusted aṡ
F is a collection of convex functions as defined in (79) with ε and ϑ scalars that describe the upper bound on the adaptive parameter and Γ controls the rate of adaptation. In addition to the observer and baseline control free design parameters, the adaptive controller is uniquely defined by the choice of (Γ, ϑ, ε). Note that the adaptive input does not feed directly into the observer with the observer dynamics evolving the same as before,ẋ = (A − LC − BK)x + Ly. For a detailed presentation and analysis of the adaptive controller see [21] . Schematic representations for the two controllers can be found in Figure 9 
IV.A. Comparison of linear and adaptive controllers
For the simulation studies that follows the aircraft was initially trimmed at an altitude of 40,000 ft, a speed of 30 ft/s with a dihedral angle of 5 deg. Then, similar to what was done in the open-loop study, the initial condition on the dihedral angle was changed to 25 deg and then the simulation was started. Also, to ensure that the controllers were not achieving good performance while sacrificing robustness to actuator dynamics, a first order actuator model with a pole at -20 rad/s was added to each control surface. A complete list of the free design parameters used to build the controllers can be found in Table 2 .
A comparison of the linear and adaptive controllers over the first 40 seconds of the simulation study can be found in Figure 10 . The adaptive controller dampens the oscillations in the dihedral angle and angle of attack more rapidly than the linear controller. This is at the cost of higher amplitude and slightly higher frequency oscillations in the inner elevator and outer ailerons, but still within the bandwidth of the actuator dynamics. The adaptive control inputs deviate from the linear control inputs from the beginning of the simulation, as both the elevator and the ailerons are increasing in value. Positive flap values lead to increased lift. This behavior is to be expected for a stabilizing controller as the increased dihedral reduces the total lift on the aircraft.
The results shown in Figure 10 illustrate the short period dynamics of the aircraft. For insight into the phugoid dynamics the same simulation results are compared for the velocity and dihedral angle of the VFA over a 250 second window, see Figure 11 . The adaptive controller returns the dihedral to trim more rapidly and in a stable fashion as compared to the linear controller. By observing the velocity trajectories the linear controller portrays an unstable phugoid divergence clearly seen after 50 seconds. For a purely linear system of equations with no linearization error the baseline linear controller is guaranteed to be stable for all initial conditions. However, given that the actual system is nonlinear, those stability characteristics of the baseline controller do not hold and the linear controller does not return the aircraft to trim. It appears that the baseline controller has achieved stability at a velocity of 24 ft/s per second. However, several control surfaces in the aircraft have exceeded 45 degrees and the large velocity divergence seen from 50 to 120 seconds is undesirable.
V. Conclusions
A model sufficient for control design of VFA has been presented that captures instability in the phugoid mode. After comparing the linear LQG/LTR and adaptive LQG/LTR it was observed that the adaptive controller was better suited at stabilizing the aircraft during large dihedral excursions. This work however leaves much to be desired. Although the phugoid instability was captured by this model, the mechanism of generating large dihedral during flight was not illustrated. Two mechanisms, gusts and turbulence, have been proposed as disturbances that can generate large dihedral changes. Adding wind disturbances to this model is underway. Second, the stability properties of adaptive LQG/LTR controllers for LTI matrices has been presented in. 21 However, the stability of the adaptive controller for LTV systems has not been rigorously proven. Work on that analysis is currently underway as well.
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